The response of superconducting aluminum to electromagnetic radiation is investigated in a broad frequency (45 MHz to 40 GHz) and temperature range (T > Tc/2), by measuring the complex conductivity. While the imaginary part probes the superfluid density (Cooper-pairs), the real part monitors the opening of the superconducting energy gap and -most important here -the zerofrequency quasi-particle response. Here we observe the full temperature and frequency dependence of the coherence peak. Varying the mean free path gives insight into the dynamics, scattering and coherence effects of the quasi-particles in the superconducting state.
I. INTRODUCTION
Microwave and optical experiments have played a prominent role in the elucidation of the superconducting state for more than fifty years, because they provide information on the single-particle excitations as well as on the response of the Cooper pairs.
1,2 The electrodynamic properties of superconductors can be calculated on the basis of the BCS theory, 3 as first worked out by Mattis and Bardeen; 4 and there exist precise predictions on the temperature and frequency dependence of the complex conductivity. One of the hallmarks of the superconducting state is the opening of an energy gap ∆ in the density of states right below the critical temperature T c ; both are related by mean-field theory: 2∆ = 3.53k B T c . In the 50s and 60s of the last century, enormous efforts were undertaken to explore the microwave and THz absorption of superconductors, like Al, In, or Sn, in order to obtain the conductivity in the region of the superconducting gap. 5 Much less is known about the response of the quasi-particles in the superconducting state where, at energies below the energy gap, a maximum in the electromagnetic absorption -the so-called coherence peakis expected for temperatures slightly below the superconducting transition (Fig. 1) . The analog feature in nuclear magnetic resonance, i.e. the presence of a maximum in the nuclear-spin relaxation-rate of aluminum below T c , 7 was one of the crucial experiments for the quick success of the BCS theory. By now, this Hebel-Slichter peak has been found in a large number of superconductors. In the case of the electrodynamic response, the experimental confirmation of the coherence peak turned out to be much more difficult 8 and it was only in the 1990s, that a maximum in the temperature dependent conductivity was observed by studying Pb and Nb in a microwave cavity at 60 GHz. 9, 10 The complete mapping of the conductivity coherence peak, in particular its frequency dependence, has not been performed experimentally, even fifty years after the BCS theory.
During recent years the issue of the quasi-particle dynamics has attracted considerable interest in the field of high-temperature superconductors.
11 While a general agreement exists that no well-defined superconduct- 
FIG. 1: (color online)
Frequency and temperature dependence of the real part of the conductivity σ1/σn calculated according the BCS theory 4, 6 with the ratio of the coherence length to the mean free path πξ(0)/2ℓ = 10. The pronounced maximum for low frequencies at a temperature slightly below Tc is the coherence peak.
ing gap opens, there remain questions of the residual absorption and the narrow quasi-particle mode which evolves with an extremely small scattering rate at low temperatures.
12,13 It therefore seems worth to revisit the issue of quasi-particle response in a conventional superconductor. Here we give the first report on the temperature and frequency dependence of the complex conductivity of aluminum in a very wide energy range (3·10 −4 < ω/2∆(0) = hf /2∆(0) < 0.3 and T /T c > 0.5); we investigate the dynamics of the quasi-particles and the influence of the mean free path.
II. EXPERIMENT
Aluminum films of different thickness (30 to 50 nm) were thermally evaporated (rate 1 nm/s) onto sapphire substrates. The film thickness was determined by a quartz microbalance, atomic force microscopy, and ellipsometry. In order to vary the mean free path, the films were prepared at different partial pressures of oxygen, as listed in Tab. I. For technical reasons, the films were exposed to air, resulting in an Al 2 O 3 layer of approximately 2 nm, before electrical contacts were made by evaporating 100 nm thick gold pads which adapt the geometry of the coaxial connector used for the high-frequency measurements (cf. inset of Fig. 2 ). The critical temperature T c was determined from the resistance between the contacts; the width of the superconducting transition is typically 10 mK.
The microwave conductivity was measured with a Corbino spectrometer based on a HP8510C vector network analyzer in the range from 45 MHz to 40 GHz.
14 ) The data analysis -from complex reflection coefficient via sample impedance to complex conductivity -is done for each frequency separately and requires no additional assumptions except the sample being thin compared to the skin depth δ (which in the complete frequency and temperature range exceeds 10 µm). For cryogenic measurements (T > 1.1 K) a full three-standards calibration was performed. Bulk aluminum and a teflon disk were used as short and open end, respectively. NiCr films (25 nm thickness, 80% Ni and 20% Cr) serve as a frequency-independent load (Z ≈ 7 Ω). The calibration by the short is most crucial; checks in the normal state of aluminum (where the impedance is frequency independent) and data analysis with different calibrations rule out artifacts. The thin oxide layer between the Al film and the Au contacts acts as a capacitor with a noticeable but correctable effect below 5 GHz; its influence vanishes for higher frequencies. The influence of the oxide layer is temperature independent and the additional impedance can be subtracted from the sample impedance. Fig. 3 demonstrates the effect of the additional capacitor in the superconducting state. While at higher frequency the curves become identical, the corrections are appreciable at low frequencies.
The mean free path ℓ of our films is evaluated from the dc resistivity ρ in the normal state: ℓ = v F m/(ne 2 ρ) with the carrier concentration n = 6.45 · 10 22 cm −3 and mass m = 1.4m e (m e is the free electron mass). 15 The coherence length is related to the transition temperature: I: Characteristic parameters of the aluminum films. d is the film thickness, p is the controlled oxygen pressure during evaporation, Z is the sample impedance at T = 300 K, ρ is the room temperature resistivity, ℓ refers to the mean free path; the low-temperature skin depth for f = 40 GHz is denoted by δ; Tc is the critical temperature, ξ(0) is the effective coherence length, and λ(0) is the effective penetration depth. 
III. RESULTS

A. Conductivity
The frequency-dependent real and imaginary parts of the normalized conductivity are plotted in Fig. 2 for the film C, as an example. For the metallic state conductivity, we have chosen σ 1 (T = 2.1 K) independent of frequency. σ 1 /σ n increases rapidly as the temperature is reduced below T c = 1.9 K, it goes through a maximum around 1.69 K and then drops again. Theory 1,2 predicts a (σ 1 /σ n ) max ∝ log {2∆(0)/ ω} frequency behavior of The solid lines show the impedance after the correction for the oxide layer between aluminum film and gold contacts. This correction is performed assuming the lumped circuit shown in the inset: Z al is the impedance of the aluminum film under study whereas R oxide and C oxide represent the resistive and capacity contribution of the oxide layer. the maximum, and experimentally we observe this with the roughly linear curve for T = 1.69 K in Fig. 2a . An even better description is obtained by a Drude response with a non-monotonous temperature dependence of the spectral weight as will be discussed below (inset of Fig. 9 and Fig. 7 ). The imaginary part σ 2 describes the response of the Cooper pairs to the electric field. For small frequencies
in good agreement with our findings plotted in Fig. 2b , in particular the linear contribution can be seen by comparing with the dotted line in that figure. In Fig. 4b and d, σ 2 /σ n is plotted for various frequencies as a function of temperature. Not too close to T c , when ∆ > 2k B T , the temperature dependence of σ 2 basically follows the opening of the superconducting gap ∆(T ), according to Eq. (1). For all frequencies, the behavior can be fitted by the BCS prediction, assuming ℓ/(πξ) = 0.1 for Film A and 0.03 for Film C, in fair agreement with the values calculated in Tab. I.
Figs. 4a and c show data (taken on Sample C and A at different frequencies) of the temperature dependence of the real part of the conductivity. σ 1 is governed by charge carriers thermally excited across the gap; their density of states diverges at the gap edge as depicted in Fig. 6 . Right below T c , ∆(T ) is small: the thermal energy but also the photon energy ω are sufficient to break up Cooper pairs. The coherence factor F (E, E ′ ), which describes the quasi-particle scattering, depends on their energy E and E ′ . If summed over all k values, it reads 1 F (∆, E, E ′ ) = 1 2 1 + ∆ 2 /EE ′ ; only for energies close to the gap ∆, this factor is appreciable: F ≈ 1. Hence the coherence peak is seen as a maximum in σ 1 (T ) at approximately 0.8 T c in the low-frequency In the normal state (T > Tc), the density of states is basically constant; the states are occupied according to the Fermi distribution (dark filled area). For T < Tc the gap opens, and the density of states exhibits a singularity. At finite temperatures there are still states occupied above EF and state empty below; these are the ones which contribute to the quasi-particle conductivity. For T = 0 the gap is complete and no quasi-particle excitations are possible up to ω = 2∆(0). The grey-shaded area depicts the range which corresponds to the finite energy ω of our microwave radiation. It can be considered as a smearing of the border between occupied and empty states similar to the thermal broadening.
limit; it becomes smaller with increasing frequency and shifts to higher temperatures; this is clearly observed in Fig. 4 . Above 28 GHz [corresponding to 0.2 · ∆(0)] the peak is completely suppressed, and for higher frequencies σ 1 (T ) monotonously drops below T c . Our findings of the frequency-and temperature-dependent conductivity of Al are summarized in the three-dimensional representation of Fig. 5 ; we can follow the evolution of the coherence peak over a substantial part of the temperaturefrequency space.
B. Spectral Weight
Based on general electrodynamics, 2 the spectral weight
is a measure of the charge carrier density n. In Fig. 7 we plot the spectral weight I s for the superconducting state by integrating the experimental data of σ 1 between 1 and 40 GHz. 17 We see that the effective carrier concentration increases below the transition temperature, passes through a maximum around 1.6 K and vanishes for T → 0 in an exponential fashion. This behavior is Fig. 8 ) up to 40 GHz. If we scale the theoretical curve in temperature and spectral weight to the maximum of the data (shown by the solid blue line), the description of the experimental values is excellent. The increase below Tc is due to the enhanced density of states as the superconducting gap opens. After a maximum is reached around 1.6 K, the spectral weight collapses because fewer quasi-particles can be excited across the gap when T → 0. The low-temperature behavior can be approximated by a exponential law (dotted green line).
perfectly explained by the BCS theory (dashed and full curve in Fig. 7) . Here Fig. 6 may serve as an illustration: As the temperature drops below T c the superconducting gap opens gradually. Due to the finite temperature T , there are still states occupied above the gap and empty states below. These are subject to single particle excitation at arbitrarily small energies, which leads to the quasi-particle contribution in the optical conductivity. The divergence in the density of states causes the increase of that part of spectral Of course, there is a second contribution to I s (T ) given by the electrons excited across the superconducting gap 2∆(T ) (but not accessed in our experiment).
The corresponding conductivity is plotted in Fig. 8 . The calculations are done according to the BCS model, 6 using the formulas of Mattis and Bardeen. 4 To closely simulate the behavior of aluminum, we assume a transition temperature T c = 1.9 K; the superconducting energy gap is given by 2∆(0)/h = 140 GHz. As the temperature drops slightly below T c , a narrow zero-frequency mode builds up which grows continuously until it reaches a maximum around T = 1.6 K. As the temperature is reduced further, two effects cause the spectral weight (as summed over the experimentally accessible frequency range, the shaded region in Fig. 8 ) of the single-particles to decrease: the energy gap becomes larger and the Fermi distribution sharpens. Consequently, the number 4 For the critical temperature we assumed Tc = 1.9 K, the superconducting energy gap 2∆(0)/h = 140 GHz. The inset, with the clear correspondence to our experimental data in Fig. 2a , illustrates the rapid growth of the zero-frequency quasi-particle peak as the temperature drops below Tc; for T < 1.6 K it becomes narrower and eventually vanishes as T → 0. The frequency range covered by our experiments is indicated by the grey-shaded area.
of quasi-particles available for transport, and accordingly I s (T ), decreases and finally vanishes for T → 0. As demonstated in Fig. 7 the theoretical curve (solid line) nicely describes the experimental findings (squares).
We can describe the drop of spectral weight by the exponential freezing out of the normal carriers; as demonstrated by the dotted line in Fig. 7 . Since the total spectral weight has to be conserved 2 this drop has to be recovered. The Tinkham-Glover-Ferrell sum rule 18, 19 states that the spectral weight
missing in the superconducting state below the gap is transferred to the δ-peak at ω = 0.
C. Scattering Rate
By now we have assumed that the real part of the conductivity is solely determined by the density of states and coherence factor; i.e. the quasi-particle concentration n increases and eventually vanishes according to the temperature dependence of the spectral weight I(T ) defined in Eq. (2): n(T ) = (2/π)I(T ) m/e 2 . Also the spectral behavior of the conductivity σ 1 (ω) is given by the density of states N (E). In the course of exploring the microwave properties of high-temperature superconductors, a debate arose whether information on the quasi-particle scattering can be obtained. 20, 21, 22 In fact, we can fit the real part of the optical conductivity σ 1 (ω) by the Drude formula
quite well at least for the lowest temperatures (inset of Fig. 9 ) and may extract a width which is related to the scattering rate 1/τ within this model. The results for Film C are plotted in Fig. 9 for different temperatures. The temperature-dependent scattering rate can be fitted by a power-law 1/τ (T ) ∝ T α with the power α = 3.5±0.3. Similar observations for the case of niobium have been reported previously. 10, 21 It should be pointed out, however, that this approach assumes a constant density of states, which might change with temperature according to the two-fluid model or similar models, but exhibits no energy dependence in the vicinity of the Fermi energy E F .
D. Influence of the Mean Free Path
In order to get more information on the scattering effects, we prepared films with different defect concentration. The mean free path of the normal state carriers strongly influences the superconducting behavior and the dynamics of the quasi-particles. Accordingly the complex conductivity appreciably varies for samples with different ℓ. Let σ * = (σ 1 ) max be the maximum of the coherence peak and T * the width, defined as the temperature difference T * = T c − T n for which σ 1 (T = T n ) = σ n again. In Fig. 10a the peak width is plotted as a function of mean free path as obtained from Al films grown with different oxygen pressure. Since also the critical tem- perature T c and the energy gap ∆ depend on the thickness and quality of the films (Tab. I), ℓ is normalized to the effective coherence length. The width of the coherence peak T * is a measure of how fast the energy gap opens. But it also tells how significant the coherence factor F is in the scattering process: with increasing ℓ/(πξ) the finite-frequency conductivity σ 1 (ω) decreases more rapidly. The height of the coherence peak σ * /σ n is displayed in Fig. 10b , for the different films. When ℓ/(πξ) gets larger, σ * decreases; or with other words, with increasing sample quality the coherence peak becomes smaller. The effect is more dramatic for lower frequencies. The ratio of mean free path and coherence length basically indicates whether the scattering takes place within the range in which the phase coherence of the superconducting wavefunction is observed; only then coherence effects matter. Eventually we approach the clean-limit superconductor, for which changes in the ac conductivity below T c become increasingly difficult to detect. 13 In a clean-limit superconductor, less spectral weight is transferred from the gap region to the δ-peak.
1
According to λ = c/ √ 8A, the reduced spectral weight of the δ-peak is in agreement with an increase of the penetration depth, as listed in Tab. I.
IV. CONCLUSIONS AND OUTLOOK
In conclusion, by performing high-precision microwave experiments in a large spectral range down to low temperatures, we were able to map the frequency and temperature dependence of the conductivity coherence peak of aluminum with intentionally reduced mean free path. The influence of the quasi-particle scattering summarized in the coherence effects are elucidated by varying the mean free path of the carriers. For large ℓ, aluminum approaches a clean-limit superconductor and the coherence peak vanishes. The Tinkham-Glover-Ferrell sum rule is obeyed. Our experiments provide a unique possibility to investigate within one material system how scattering and the variation of the mean free path influences the superconducting properties.
Our experiments show that microwave spectroscopy allows for a detailed observation of coherence and scattering properties in superconductors. While our present work focussed on the well-known, conventional superconductor aluminum, future studies can be devoted to unconventional superconductors.
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